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In thispaperwedescribea parallel programmingparadigmcalled
problemspacepromotion(PSP),a techniquethat increasesparal-
lelismbyreducingcommunicationandsynchronization.Wepresent
four algorithmsthatexploit PSPandevaluatetheir communication
characteristicsrelativenon-PSPsolutions. Our analysisis aided
by theuseof parallel algorithmnotationthat is concise, yetaccu-
rately reflectsparallelismandcommunicationcosts.Our analysis
illustratescircumstancesunderwhich theuseof PSPis beneficial
anddetrimentalto performance, andexperimentson theCrayT3E
attestto the validity of the analysis.We find that PSPcan signif-
icantly improve the performanceand scalingbehaviorof certain
computations,evenwhencompared to existinghigh quality paral-
lel algorithms.
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Problemspacepromotion(PSP)is aparallelsolutiontechniquefor
problemsinvolving combinatorialinteractionsof arraydata. PSP
reformulatesalgorithmsthatoperateover d-dimensionaldataasa
computationin ad � -dimensionalproblemspace,whered ��� d. The
goalof PSPis to increasetheparallelismof thesolutionby reducing
thealgorithm's communicationandsynchronizationrequirements.
For instance,consideran algorithmin which all n elementsof a
1-dimensionalarrayrequirepairwiseinteractions.Figure1(a) il-
lustratesa straightforward parallelsolutionthat cyclically shifts a
copy of thearray, sothataftern shifts,all n2 interactionshavebeen
considered.In contrast,thePSPsolutionillustratedby Figure1(b)
promotesthe problemspaceto a 2-dimensionaln  n spaceand
usesthe1-dimensionalarrayastherowsandcolumnsof thisspace,
therebyimplicitly representingall n2 comparisonswithout aniter-
ative loop.

As a concreteexampleof problemspacepromotion,consider
the following PSPalgorithmfor sortinga vector, V, of n unique
numbers.!
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C " VT # V compareall pairs,(1 if true,0 if false)
P " Sumcols(C) columnsumsgivesortedindex position
V " V $P% permuteelementsof V into order

This solution, which requiresquadraticwork, is an instanceof
problemspacepromotion,becauseit performsall n2 comparisons
simultaneously. Thoughit accepts1-dimensionalinput,it performs
operationsin termsof 2-dimensionalarrays,e.g., arrayC. This
is in contrastto an algorithmwhich iteratively transformsthe 1-
dimensionalinput directly. The questionof interesthereis, Can
problemspacepromotionbean effectivetechniquefor writing effi-
cientparallel programs?

The chief advantageof PSPin the sortingexample,above, is
that it specifiesthat all comparisonscanbe performedsimultane-
ously, andthatall columnscanbesummedindependently. Specif-
ically, a parallel implementationof this algorithmbroadcaststhe
dataand its transposeto the processors,which are conceptually
arrangedin a 2-dimensionalmesh,allowing them to work inde-
pendentlyof eachother with little or no synchronization. This
yieldsmuchgreaterconcurrency than,say, theodd-eventransposi-
tion sort[11], whichrequirestheprocessorsto synchronizerepeat-
edly throughoutthecomputation.It is this increasein parallelism
with thesimultaneousrelaxationof synchronizationconstraintsthat
motivatesinterestin PSPalgorithms.ThefactthatPSPalgorithms
arefrequentlyspecifiedin a cleanandelegantform is a significant
addedadvantage.

Thereare apparentdisadvantages,too. First, it appearsthat
storagerequirementsgrow to the size of the promotedproblem
space,e.g., theC arrayis n  n. In fact, this storagecanbeelimi-
nated,restoringthestoragerequirementsto theorderof theprob-
lem input. Second,there is a potential increasein the amount
of work requiredto computethe result. This problemhas two
forms. One form concernsnon-asymptoticcomplexity, suchas
missedopportunitiesto exploit problemsymmetry, e.g., the sort
above couldperformn2 & 2 comparisons.Theotherform concerns
asymptoticcomplexity, e.g., for sorting, Θ ' nlogn( comparisons
suffice. Though this may be a potential shortcomingwith PSP
solutions,a suitablecomplexity model for practicalportablepar-
allel computationsremainsto be worked out, leaving it unclear
whetherfactslike “Θ ' nlogn( comparisonssuffice” leadto signif-
icantly moreefficient parallelsolutions.Issuesof synchronization
andcommunicationcomplexity maydominatework complexity for
certainalgorithms.

In thispaper, wemake thefollowing contributions.

) We introducea new parallelsolutiontechniquecalledprob-
lem spacepromotion for increasingparallelismin certain
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Figure 1: Illustration of problemspacepromotion. (a) Conven-
tionalsolutionversus(b) problemspacepromotion.

computations.) Weanalyticallyandexperimentallyshow its potentialperfor-
manceimprovement.) We demonstratethe useof the ZPL parallel programming
languageas an algorithmicnotationto assistin evaluating
theparallelperformanceof algorithms.

Theremainderof this paperis organizedasfollows. Thenext
sectionintroducesthe ZPL-basednotationwe useto describeal-
gorithms.Section3 describesproblemspacepromotionby way of
four computations.We evaluatethe performanceimplicationsof
PSPboth analyticallyandexperimentallyin Section4. Section5
considersrelatedwork, andthefinal sectiongivesconclusions.
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In orderto describeandstudyproblemspacepromotionwe adopt
analgorithmicnotationbasedontheZPL parallel,array-basedpro-
gramminglanguage[20, 23]. Thenotationhastheadvantagethat
it is succinctfor presentationalpurposes,it can be executedon
parallelcomputerswith excellentperformance[6, 17], and it ex-
posesissuesof parallelismandcommunicationoverheadwithout
requiringtheprogrammerto managecomplex details.Thissection
briefly introducesthe corecomponentsof the ZPL languageand
its performancemodel. Completetreatmentsareavailable in the
literature[20, 5].

+ �<�=� 
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ZPL is animperative programminglanguagesupporting

all the usual(i.e., Fortran,C or Pascal)datatypes,scalaropera-
tors,andcontrolstructures.LikeFortran90andAPL, it is anarray
language,permittingatomicoperationon whole arraysor subar-
rays.ZPL is distinguishedfrom otherarraylanguagesby its useof
regionsin describingparallel,arraycomputations[7].

?@-<A�� � � �/>
Regions represent index sets. The region

[1..n,1..n] is a 1-origin n  n index set,while [1..n,1]
is asubregiondescribingits first column,and[1,1..n] is asub-
region describingits first row. Regionscanbenamedandreferred
to symbolicallyasfollows: region R = [1..n,1..n]. Re-
gionsareusedin declarationsto specifythesizeandshapeof arrays
asfollows: var A,B,C: [R] float. Thesearrayswill have
anelementfor eachindex in regionR.

Regions are also usedto determinethe indicesof arraysin-
volved in anarraystatement's computation.Specifically, a region
precedinga statementestablishesthe extentof all arraycomputa-
tions in its dynamicscope.For example,the following statement
operatesonly over thefirst row of arraysB andC.

[1,1..n] C := 2*B;

(c)

P1

P3

P2

P4
(a) (b)

Figure2: Illustrationof flood operator. (a) A columnof anarray,
(b) a replicatedform of thecolumnacrosstheproblemspace,and
(c) the actualallocationof memoryto representthe floodeddata
across4 processors.

Whena new region scopeis entered,it overridestheenclosingre-
gionof thesamerank.If adimensionis left blank,its indicesarein-
heritedfrom thecorrespondingdimensionof theenclosingregion.
Forexample,region[1,] in thecontext of region[1..n,1..n]
hastheindicesof region[1,1..n].

ZPL supportsa numberof operationson regions and arrays.
Thelatterprovide array-level computationsandpermit theindices
for a particulararrayreferenceto be adjustedwith respectto the
enclosingregion scope.We summarizeseveralarrayoperatorsbe-
low.
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ZPL includestheparallelprefix operations,re-

ductionandscan.For example,[R] s:=+<<B is thesumreduc-
tion of theelementsof arrayB describedby theindicesin regionR.
Thereareversionsof reductionandscanoperatorsfor otherarith-
metic and logic operations(e.g., product,max, logical or). For
arraysof rankgreaterthanone,it is possibleto performpartialre-
ductionson subarrays.Thus,assumingB andC are2-dimensional
arraysandR is a 2-dimensionalregion asdefinedabove, the fol-
lowing statementreduceseachrow to its sumandstorestheresult
in thethird columnof C.

[1..n, 3] C := +<<[R] B; -- add rows

Thetwo regionsservethefollowing purposes:Then  n source
region,R, encodedin the reductionoperator, describeswhich ele-
mentsof the operandwill participatein the reduction,while the
column result region, [1..n,3], precedingthe statementindi-
cateswherethe result is to be stored. In ZPL, the result region's
degeneratedimensions(i.e., dimensionsrepresentinga single in-
dex) with respectto the sourceregion indicatewhich dimensions
arereduced.

?J-�K�B � 
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Floodingis thelogicaldualof reduction,providing

an abstractionfor replication. Thus,the following expression,il-
lustratedby Figures2(a) and(b), replicatesthe first columnof B
acrosstheseconddimensionusingthefloodingoperator(>>).

>>[1..n,1] B

The region associatedwith a flood operator, in this case
[1..n,1], specifieswhat portion of the arrayoperandis to be
replicated.Theeffectof theexpression,above, is to createalogical
2-dimensionalarraywith a conceptuallyinfinite numberof n ele-
mentcolumns.Floodsandreductionscanbecombinedto express
computationssuchastheconstructionof thepermutationvector, P,
from thesortcomputationin the introduction.AssumethatV and
Vt arerow andcolumnvectors,respectively, andthat region R is
asdefinedabove.
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[1,1..n] P := +<<[R](>>[,1] Vt) <= (>>[1,] V);

Recallthatemptyrangesin aregioninherit therangeof theenclos-
ing region,thus[,1] in thecontext of regionR ([1..n,1..n])
is equivalentto [1..n,1]. Thestatementabove assignsto P the
column-wisereductionof the n2 elementscreatedby comparing
(using<=) the resultof floodingV transpose(Vt) andV. A key
propertyof flooding that is exploited in this computationis that
only a singlecopy of a flood's definingvaluesarestoredon each
processor, as illustratedby Figure 2(c). Thus, this computation
neednot createann2 temporaryarray, despitethefact that it com-
putesover sucha logical array. This is a key sourceof efficiency
for PSPcomputationsin ZPL.

02LC� .���� � AI>
To referencea shiftedform of anarray, theshift oper-

ator (@) is usedwith an integervectorthatgivesthedirectionand
magnitudeof thetranslationin eachdimension.Thus,thefollow-
ing statementassignsthe elementsat indices0 throughn M 1 of
arrayY to indices1 throughn of arrayX.

[1..n] X := Y@(-1);

��
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ZPL providesagatheroperator(#),

permittingarbitrarydatamovement. Encodedin bracketsfollow-
ing the gatheroperatoris an integer array for eachdimensionof
theresult,specifyingthesourceof eachelement.Theonly gather
operationneededin this paperis the transpose,which usesZPL's
constantarrays 1 and 2 to specifydimensionalinterchange.In
general,thevalueof array k at index i1 SUTUTUTVS id is ik. Thus,thefol-
lowing statementperformsthe transposeon V neededto compute
Vt: [1..n,1] Vt := V#[ 2, 1].

92-�
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ZPL supportsa performancemodelthat

permitsprogrammersto reasonabouttheparallelismandcommu-
nicationoverheadin theircodes[5]. In ZPL,all arraysarealigned.1

Therearetwomainimplicationsof this: (i) thedataelementsof two
differentarraysat index ' i S j ( areguaranteedto resideon thesame
processor, and(ii) thedataelements,e.g., at indices ' i S j ( and ' i S k(
residein the sameprocessorrow whenthe arraysaredistributed
acrossavirtual processorgrid.

Given this alignment,eacharrayoperatorinducesa particular
form of interprocessorcommunication.The shift operator(@) re-
sultsin simplepoint-to-pointcommunicationbetweenneighboring
processorsin thegrid. Theflood operator(>>) resultsin a broad-
castoften along onedimensionof the grid. The gatheroperator
(#) potentiallyresultsin an arbitraryredistribution of data. State-
mentsthat containno arrayoperatorsrequireno communication.
Despitethehigh-level natureof theZPL notation,theprogrammer
canreasonabouttheimplementationof theircodeonaparallelma-
chine.Wewill exploit this fact in our discussionof problemspace
promotion.

[ ��B AC�C
,� �	L�35�5\�H�K�B ��� ��� � A]9^
�����B -�3_0`K���
�-a9E
��Z35�C��� � �
Below, we presentPSP solutions to common computationsin
preparationfor analyzingthemin the next section. First, we ab-
stractlydescribethestructurecommonto all PSPalgorithms.Then,
wepresentfour computationsgivenin bothaconventionalandPSP
form. We usetheZPL form from theprevioussectionto augment
the algorithmdescriptions.In thesecodes,declarationsareomit-
ted,becausethe typeandsizeof the arraysis clearfrom context;
andby convention,arrayvariablesarecapitalized,while scalarsare
not.

1In fact, not all arraysneedbe aligned,only thosethat areusedtogether, but the
simplificationis sufficient for this presentation.
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Figure3: Summaryof thephasesof problemspacepromotion.(a)
1-dimensionalinput, (b) orientationphase,(c) replicationphase,
(d) computationphase,(e) collapsestage,and(f) permutationstep
performedby PSPsortingalgorithm.
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Therearefour stagescommonto all PSPalgorithms:(i) dataorien-
tation,(ii) datareplication,(iii) computation,and(iv) datacollapse.
For this discussionwe assumethat the indicesof thepromotedd-
dimensionalproblemspaceareblock distributedacrossa concep-
tual d-dimensionalmeshof processors,andtheinput datainitially
occupiesa lower dimensionalslice of the d-dimensionalproblem
space.Thedataorientationstageorientstheinputdatawith respect
to theproblemspace.For example,in the sortingexampleof the
introduction,theinputvectoris initially arow of theproblemspace
(Figure3(a)),soit mustbecopiedandtransposedto occupy acol-
umn(Figure3(b)). Onaparallelmachine,dataorientationrequires
a nontrivial, yet regular, amountof interprocessorcommunication.
In ZPL werealizeorientationvia thegatheroperator(#).

Next, the properlyorienteddatais replicatedso thatdatafills
theentireproblemspace(Figure3(c)). In ZPL we realizereplica-
tion via thefloodoperator(>>). Notethatonagivenprocessorthe
replicationis only conceptual,for only the definingvaluesof an
arrayneedto berepresented,asillustratedby Figure2(c).

After replication,the computationstage begins, during which
eachprocessorcomputesentirelyon local data(Figure3(d)). No
communicationor synchronizationis requiredduring this stage.
Dependingonhow theprogrammerphrasesthecomputationphase,
problemspacesizedarraysmay be created(seethe n-bodycode,
below). We have previously developedcompiler techniquesby
which this storagerequirementis eliminatedvia statementfusion
andarraycontraction[16]. Thecompilercanconsistentlyeliminate
thehigher-dimensionalstoragerequirementin PSPcodes,because
it foldsthelocalaccumulationportionof thecollapsestage(below)
into thecomputationstage.

Finally, the collapsestage performsa reductionalongoneor
moredimensionsof the problemspacein order to gatherthe re-
sult of the computationstageinto a lower dimensionalstructure
(Figure3(e)). In ZPL we usethe reductionoperators(e.g., +<<
or max<<) to collapse.Somealgorithmsmayperformadditional
operationsat this point to computethe final result. For example,
the sortingcodepermutesthe input arrayaccordingto the result
of thecollapsestage(Figure3(f)). A closerinspectionof Figure3
revealshow theinput sequence(A, C, B, D) is sortedaccordingto

3



[1..n] begin -- odd stage
-- swap if I@right value greater
if (_1 % 2) then -- odd indices
if (I > I@right) then

I := I@right;
end;

else -- even indices
if (I < I@left) then

I := I@left;
end;

end;
end;

(a)

[1,1..n] begin -- assume R = [1..n,1..n]
-- assume row 1 of V contains input
-- orient data (transpose row into col)

[1..n,1] Vt := V#[_2,_1];
-- replicate, compute and collapse
P := +<<[R] (>>[1,]V <= >>[,1]Vt);
-- permute V data according to array P
V := V#[_1,P];

end;

(b)

Figure 4: Sorting. (a) Conventional (odd stagefrom odd-even
transpositionsort)and(b) PSPimplementations.

thealgorithmfrom theintroduction.
In thefollowingsections,weexamineconventionalandPSPso-

lutionsto variouscomputations.We restrictour analysisto giving
workcomplexity, thetimecomplexity of thecomputationexecuting
onasingleprocessor. Thebulk of thediscussionof communication
complexity is left for Section4.

[ > * 0��C
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We begin by consideringsorting.Givena sequenceof n numbers,
A gih a1 S a2 SUTUTUTVS an j , thepermutedsequenceh a�1 S a�2 SVTUTUTUS a�n j of A is
asortedform of A whena�1 # a�2 # TUTUT # a�n.

Odd-EvenTranspositionSortis aparallelsortingalgorithmdue
to Demuth[11]. It iteratesfor k n& 2l steps,eachof which is com-
prisedof two stages.Thefirst stage,whichappearsin Figure4(a),
comparesin paralleleachoddelementto its right neighbor. If the
formeris greaterthanthelatter, thetwo valuesareexchanged.This
codeexploits shatteredcontrol flow, i.e., array-basedcontrolflow,
in order to selectively computeon elementsof arrayI. The sec-
ond stageperformsthe samecomparison/exchangefor the even
elements.Eachof the n& 2 iterationsperformsΘ ' n( comparisons
resultingin Θ ' n2 ( work complexity.

A PSPsortingalgorithmappearsappearsin Figure4(b).2 After
a transposeof theinputdatafrom arow to acolumn,thealgorithm
usesthefloodoperatorto broadcastthen inputelementsacrossthe
rowsandcolumnsof the2-dimensionalproblemspace.Index ' i S j (
of theproblemspacecontainstheith and j th elementsof theinput.
As a result,all n2 comparisonsfor thesortmy beperformedcom-
pletely in parallel. Theresultsof eachcomparison(a 1 or a 0) are
collapsedby summingalongeachcolumn,producingasinglerow,
P. ThearrayP is thenusedto permutethe input arrayresultingin
asortedform of arrayV. Becausethealgorithmcomputesovera2-
dimensionalproblemspace,it hasΘ ' n2 ( work complexity. Similar
algorithmshavebeendescribedasconstanttimesortingalgorithms
for unrealizableCRCWmachines[3, 22].

2For simplicity we assumethat the input sequencecontainsno duplicates. The
structureof thealgorithmis unchangedwhenextendedto handleduplicates.

[1..n] begin
S := 0;
for i := 1 to n do

[i..n] S += ((>>[i] V) = V);
end;
-- frequency of mode
count := max<< S;
-- get actual mode value
mode := max<< ((count = S) * V);

end;

(a)

[1,1..n] begin -- assume R = [1..n,1..n]
-- assume row 1 of V contains input
-- orient data (transpose row into col)

[1..n,1] Vt := V#[_2,_1];
-- replicate, compute and collapse
S := +<<[R] (>>[1,]V = >>[,1]Vt);
-- frequency of mode
count := max<< S;
-- get actual mode value
mode := max<< ((count = S) * V);

end;

(b)

Figure5: Modecalculation.(a) Conventionaland(b) PSPimple-
mentations.

[ > [ WY���C-Ymn�CB 
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Next, weconsiderthemodecomputation.Givenasetof n samples,
A gpo a1 S a2 SUTVTUTUS an q , themode,m, is theelementof A thatoccurs
mostfrequently.

The algorithmin Figure5(a) extendsthe obvious serialsolu-
tion to theparalleldomain.Thealgorithmbroadcaststheelements
of the input array, oneat a time, to all the otherprocessors.Each
processorcomparesthe broadcastvalue with its local values. If
they arethe same,a counterassociatedwith the local valueis in-
cremented.After iteratingover all n elements,a maximumreduc-
tion is performedto find out how many timesthemostfrequently
occurringelementoccurs. Finally a maximumreductionis used
to find thevaluethatactuallyoccursmostfrequently. Therearen
iterations,eachcontainingarrayoperationsof costΘ ' n( , resulting
in Θ ' n2 ( work complexity.

A PSPmodecalculationalgorithmappearsin Figure5(b). This
algorithmis similar to the sort code,except that equality is used
for comparison.A sumreductionin the column i thus indicates
the numberof occurrencesof the value in input position i. The
computationoverthe2-dimensionalproblemspaceresultsin Θ ' n2 (
work complexity.

[ > r WY���	
�� Ha9E
�������
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Matrix productis afundamentaloperationfrom linearalgebra.The
productof anm  smatrixAandans  n matrixB is anm  n matrix
C whoseelementsare

ci j g s

∑
k s 1

aik  bk j S 1 # i # m, 1 # j # n. (1)

For simplicity, we assumethat n g m g s. The SUMMA1 algo-
rithm, in Figure6(a),andits variantshavebeenbeenshown to give
excellentparallelperformance[21]. Thealgorithmcontainsn iter-
ations.In iterationi, columni of arrayA androw i of arrayB are
replicatedacrossthe rows andcolumns,respectively, of the prob-
lem space.Theresultingarray, C, is incrementedby theelement-
wiseproductof thetwo replicatedarrays.After n iterations,array
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[R begin -- assume R = [1..n,1..n]
C := 0.0;
-- for each column in A and row in B
for i := 1 to n do

C += ((>>[,i] A) * (>>[i,] B));
end;

end;

(a)

-- assume IK = [1..n,1 ,1..n]
-- KJ = [1 ,1..n,1..n]
-- IJ = [1..n,1..n,1 ]
-- IJK = [1..n,1..n,1..n]

-- orient the A and B matrices
[IK] At := A#[_1,_3,_2];
[KJ] Bt := B#[_3,_2,_1];

-- replicate, compute and collapse
[IJ] C := +<<[IJK] ((>>[IK] At) * (>>[KJ] Bt));

(b)

Figure6: Matrix product. (a) Conventional(SUMMA1) and(b)
PSPimplementations.

C containsthematrix productof A andB. Thework complexity of
thisalgorithmis Θ ' n3 ( .

The PSPsolution to matrix product appearsin Figure 6(b).
It addsanotherdimensionto the problem spaceso that all n3

productsare implicitly representedin the 3-dimensionalproblem
space.Assumethat the input matrices,A andB, initially occupy
a 2-dimensionalsliceacrossthe first two dimensionsof the prob-
lem space. First, they must be orientedso that A occupiesa 2-
dimensionalsliceacrossthefirst andthird dimensionsandB occu-
piesa sliceacrossthe secondandthird dimensions.The oriented
copiesof thedataarestoredin arraysAt andBt. Next, arraysAt
andBt arereplicatedacrossthe secondandfirst dimensions,re-
spectively. An element-wiseproductis taken in the3-dimensional
space,andasumreductionalongthethird dimensionis assignedto
arrayC, resultingin thematrix productof A andB. ThePSPalgo-
rithm in ZPL hasthe additionalbenefitthat thecodevery closely
resemblesthe textbookdefinitionof matrix product,equation(1).
Thework complexity of thiscodeis Θ ' n3 ( dueto thescalarproduct
performedin the3-dimensionalproblemspace.

[ > t uDv + ���C6w02� 34��B �<��� � �
An n-bodycomputationsimulatesthemotionof masses—suchas
astronomicalbodies—over time given an initial configurationde-
scribing the position, velocity and massof eachbody. At each
time step,the gravitationalattractionof eachbodyon every other
bodyis calculatedto determinethesubsequentconfigurationof the
system.Thoughalgorithmsexist that ignoreinteractionsbetween
distantbodies,certaincontexts requiresthatall n2 interactionsbe
considered.

Figure7(a)containsthecoreof aconventionaln-bodycodethat
simulatesthemotionof bodiesin a 3-dimensionalspace.It calcu-
latesthe acceleration(Acc) in eachdimensionimpartedon each
body by all the otherbodies. The body positionsandmassesare
copiedinto temporaryarrays(RollPos andRollMass) which
arecyclically shiftedn M 1 times.After eachshift, theacceleration
impartedby the bodiesin the Roll arraysarecalculatedon the
bodiesin the input array, andthe result is accumulatedinto Acc.
Eacharrayoperationcomputesovern elements,andtherearen M 1
iterations,resultingin Θ ' n2 ( work complexity.

Figure7(b)containsaPSPequivalentof thecodein Figure7(a).

[R] begin -- assume R = [1..n]
Acc[] := 0.;

RollPos[] := Pos[];
RollMass := Mass;
for iter := 1 to (n-1) do

[next of R] wrap RollPos[], RollMass;

RollPos[] := RollPos@next[];
RollMass := RollMass@next;
Delta[] := Pos[] - RollPos[];
DistSqr := sqr(Delta[X])+sqr(Delta[Y])+

sqr(Delta[Z]);
Dist := sqrt(DistSqr);
DistInv := 1.0/(DistSqr*Dist);
Acc[] -= RollMass*Delta[]*DistInv;

end;
end;

(a)

[R] begin -- assume R = [1..n,1..n]
[1..n,*] begin -- orient and replicate

AccCol[] := AccRow[]#[_2,_1];
VelCol[] := VelRow[]#[_2,_1];
PosCol[] := PosRow[]#[_2,_1];

end;

-- compute
Delta[] := PosCol[] - PosRow[];
DistSqr := sqr(Delta[X])+sqr(Delta[Y])+

sqr(Delta[Z]);
-- special case the diagonal
if (_1 = _2) then

DistInv := 0.0;
else
Dist := sqrt(DistSqr);
DistInv := 1.0 / (DistSqr * Dist);

end;

-- collapse
[*,1..n] AccRow[] := +<<[R] (MassCol * Delta[] *

DistInv);
end;

(b)

Figure7: N-bodysimulation.(a)Conventionaland(b) PSPimple-
mentations.

ArraysPosRow, VelRow, andAccRow containtheinitial config-
uration. Columnorientedcopiesof thesearraysarecreated.This
codeexploitsa featureof ZPL wherearrayscanbedefinedin such
a way that assignmentsto themareimplicitly replicatedacrossa
dimension,thusachieving the replicationstage.The distancebe-
tweenall pairsof bodiesis foundandusedto calculatetheaccel-
erationsdue to eachpair of bodies,which are then reducedinto
AccRow. This algorithm performsa constantnumberof opera-
tionsover a 2-dimensionalproblemspace,thusit hasΘ ' n2 ( work
complexity. Note that a numberof arraysin this code,suchas
Delta, DistSqr, Dist andDistInv, arefull 2-dimensional
arrays. The ZPL compilergeneratesa single loop nestto imple-
mentall thestatementsthatcontainthesereferencesandcontracts
eachof thesearraysto a scalarvalue[16]. As a result, this code
only requiresmemorylinearin thenumberof bodies.

r�� � �CB 6/�x� �
We begin this sectionwith a discussionof the performanceim-
plicationsof problemspacepromotion. Next, we experimentally
evaluateits performanceimpacton thecomputationsdescribedin
theprevioussection.
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Theprevioussectionpresentedtwo algorithmsto solve eachprob-
lem,oneconventional—whichwe call thebasesolution—andone
PSP. Below, wediscusstheexpectedperformanceof thetwo codes
by consideringtheissuesof communicationcomplexity, thenature
of thecommunication,andearlytermination.
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Becauseeachpair of algorithms

from theprevioussectionhasequivalentwork complexity, thebase
andPSPsolutionsaredistinguishedby their communicationcom-
plexity. All thebasealgorithmscontainΘ ' n( communicationoper-
ations.Specifically, sortandn-bodyuseΘ ' n( point-to-pointnear-
est neighborcommunicationoperations(@s), and modeand ma-
trix multiplication, useΘ ' n( broadcastoperations(>>). The al-
gorithmsthat exploit PSP, on the other hand,requirea constant
numberof communicationoperations.Theorientationphasetrans-
posesarow or aplanein thehigherdimensionalproblemspacevia
thegatheroperator(#). The replicationphasebroadcaststhedata
acrossthehigherdimensionalproblemspacevia thefloodoperator
(>>). The collapsephaseperformsreduction(s)acrossa dimen-
sionof theproblem.Someof thealgorithms,suchassort,alsore-
quireanadditionalconstantnumberof miscellaneouscommunica-
tion operations.In all four cases,PSPpotentiallyimprovesparallel
performanceby decreasingthecommunicationcomplexity without
adverselyaffecting work complexity. Furthermore,becausecom-
municationsynchronizesthe processors,PSPreducesthe number
of timesthattheprocessorsmustsynchronize,permittingtheentire
computationphaseto proceedin parallel.
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In additionto thenumberof

communicationoperations,the type of communicationoperation
mustalsobe considered.Specifically, nearestneighborshifts are
Θ ' 1( operations,while for p processors,broadcastsandreductions
aregenerallyregardedasΘ ' logp( operations,thoughspecialized
hardwareand p small relative to n renderthemnearlyconstantas
well. DespitethefactthatPSPalgorithmsusemoreexpensivecom-
municationoperations(e.g., gathers,broadcastsandreductions),it
is unlikely on any modernparallelarchitecturethat Θ ' n( nearest
neighboroperationswill be lesscostly thanΘ ' 1( broadcastor re-
ductionoperations.

Furthermore,PSPoftenincreasesthevolumeof communicated
data. For example,thebasemodecomputationonly broadcastsn
words. ThePSPmodecomputation,on theotherhand,transposes
n words,broadcasts2n words,andperformsareductionof nwords.
Despitethis increasedvolume,we do not expectthis to limit PSP
performance,becausePSPalgorithmsrequirefewer communica-
tion operations,andweexpectthesynchronizationandstartupcost
of initiating thecommunicationto bethedominantcosts.

\���
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There are certainly circumstanceswhere

problemspacepromotionmay be inappropriate. Problemspace
promotiontransformsan iteration spaceinto a dimensionof the
problemspace.As a result,wemustknow a priori how many iter-
ationsthe loop contains.Moreover, somebasealgorithmsmaybe
ableto terminatethe loop early, which cannotbe trivially accom-
plishedin PSPsincetheloophasbeentransformedinto partof the
problemspace.For example,theodd-eventranspositionsortingal-
gorithmcanbemodifiedto terminateearly if it finds that thedata
is alreadysorted.Similarly, thebasemodealgorithmcanterminate
early if thereare j valuesleft to betestedanda modeof at least j
occurrenceshasalreadybeenfound. For bothexamples,thereis a
tradeoff to be considered:Will the expectedinput allow the algo-
rithm to terminatesuitablyearly to compensatefor thealgorithm's
inferior communicationcomplexity?

Problemspacepromotioncanbeextendedto allow earlytermi-
nationin certaincasesby repeatedlygoingthroughall four phases,
whereintheaddeddimensionto theproblemspacecontainsonly a
portionof theproblem.For example,in themodecalculation,the
orientationphasecouldplaceonly half thevaluesacrosstheextra
dimension,thusfindingthemodeof half thedata.If therearemore
occurrencesof themodethanunconsideredremainingdata,theal-
gorithmterminates.Otherwise,it considershalf of the remaining
data,accumulatingtheresultswith thepreviousiteration.Thepro-
cesscontinuesfor at mostlogn steps.Naturally, the communica-
tion complexity is worsethanapurePSPapproach,but it allowsfor
earlydrop-out.Computationssuchasn-bodysimulationor matrix
productcannotexploit this technique,but thebasesolutionscannot
benefitfrom earlytermination,either.

rI> * \ZH<K�-�
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In order to verify the analysisof the previous section,we mea-
suretheperformanceof thecodesfrom Section3 on theCrayT3E.
All codesare written in ZPL and compiledwith the ZPL com-
piler [23]. Prior work hasdemonstratedthat this is a high qual-
ity compiler. The codeit produceshasperformancecomparable
to C with MPI [18, 6] and generallyoutperformsHPF [19, 17].
TheZPL compileraggressively optimizescommunicationfor over-
lap with computation[9]. Figure8 containstwo speedupcurves
for eachproblemintroducedin Section3. The two curves give
speedupfor thebaseandPSPsolutions.Both speedupcurvesare
calculatedwith respectto thesamesequentialexecutiontime. As
a result,greaterspeedupimplies fasterperformance,allowing the
two curvesto becompareddirectly.

ThePSPversionsof thecodesall havesignificantlybetterscal-
ing behavior thanthebasesolutions.This confirmsour prediction
thattheimprovedcommunicationcomplexity dueto PSPimproves
overall performance.The modeandsort codesaredominatedby
communication(i.e., they containrelatively few floatingpointoper-
ations).As aresult,thespeedupof thebasesolutionssuffer greatly
from the many communicationoperationsthey contain. PSPsig-
nificantly improves thesecodes. The n-bodycodespendsa rela-
tively largerportion of the total executiontime executingfloating
point code,so both the baseand PSPsolutionsscalebetterthan
modeandsort. We discussthematrix productcodesbelow. Also
note that as the numberof processorsincreases,the relative cost
of communicationversuscomputationincreases,andthebenefitof
PSPincreases.

We cannotconcludefrom the graphsin Figure8 that the PSP
modecalculationand sorting algorithmsare optimal for parallel
machines.Instead,we concludethat by applyingproblemspace
promotionto anexistingsolutionwecansignificantlyimprovepar-
allel performanceby increasingthedegreeof parallelism.Thema-
trix productcodesareparticularlynoteworthy, becausethePSPso-
lutionoutperformstheSUMMA1 algorithm[21], whichis regarded
asa very high quality parallelalgorithm.Therelatively poorscal-
ing behavior of SUMMA1 led to variationson this algorithmthat
broadcastseveral rows andcolumnsat a time, achieving someof
thebenefitsof PSP.

Thesegraphsdonothighlight thefactPSPalgorithmshavedif-
ferentcachebehavior becauseof how they traversetheinputarrays.
It wouldappearthatthis is a secondordereffect,sowe leave it for
future work. We expectto find that PSPalgorithmshave inferior
cachebehavior but thatthey will benefitfrom blockingtechniques.

t ?@-�B �<�O-��~}X�C
U�
The problemspacepromotiontechniquecanbe exploited in pro-
gramminglanguagesandsystemsotherthanZPL, for example,C
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Figure8: Speedupof baseandPSPcodeson theCrayT3E.

with MPI (messagepassinginterface). In this sense,PSPis a lan-
guageneutralparallelsolutiontechnique.Ontheotherhand.notall
languagespermitprogrammersto reasonaboutthecommunication
costsof theirapplications.Presumably, acompilerfor HPF[14] or
a parallelimplementationof APL [4, 13, 8] couldexploit theben-
efits of PSP, but they do not offer a performancemodel. Ngo has
evaluatedthe role of performancemodelsin ZPL andHPF [19].
He found thata performancemodelis essentialin producingcon-
sistentlyhighqualityprogramsacrossdifferentmachinesandcom-
pilers. ZPL provides an explicit performancemodel, facilitating
the analysisin this paper. Previously, we have describedhow the
ZPL performancemodelis usedto evaluateimplementationalter-
natives[5].

Problemspacepromotion is relatedto a standardtechnique
usedby APL programmersto write “one-liners”thatperformcom-
putationwithoutcontrolflow [15]. In APL, outerproductis usedto
convert the logical iterationspaceto anarray. Thus,for example,
thesortingoperationgivenin theintroductionis expressedas

V[+/[1]V � . # V]

wheretheouterproduct(V � . # V) createsa squarearrayof 0sand
1sthat is thensumreduced(+/[1]) in onedimensionto produce
thepermutationvectorto index thearray. Historically, approaches
similar to PSPhave beenusedto avoid expensive-to-interpretiter-
ative solutions,andwe arenot awarethat any APL interpreteror
compilertakesadvantageof thespecialstructureof this computa-
tion.

PSP-like solutionsto specificproblemshave appearedin the
literature. For example,Aggarwal et al. analyzethe communica-
tion complexity of a 3-dimensionalmatrix multiple algorithm in
the context of theLPRAM (local-memoryparallelrandomaccess
machine)model[2], andAgarwal et al. evaluatea 3-dimensional

matrix multiple algorithmon the IBM SP2[1]. They do not ex-
plorethework asageneralsolutiontechnique.

Researchershaveproposedparallelmachinemodelsin aneffort
to understandandpredictperformance.TheLogPmachinemodel
is a well studiedmodelintendedto accuratelyrepresentrealparal-
lel computersandserveasabasisfor algorithmdesign[10]. It has
been applied, for example, to sorting algorithms on the
CM-5 [12], but themodel'shighlyparameterizednaturecastsdoubt
on its portability. For example,in a LogPanalysisof a PSPcode,
the underlyingimplementationof the collapsestage(a reduction)
onaparticularmachinewouldneedto bemodeled.A ZPL analysis
(andimplementation)abstractsthesemachinespecificdetails.

� mE� � 
GB ���=� � �
Carefulconsiderationof the costsof computationandcommuni-
cation on real parallel computersfacilitatesthe developmentof
uniqueandbeneficialalgorithmicsolutiontechniques.In thisvein,
we have developeda techniquefor increasingparallelism,called
problemspacepromotion(PSP).We have describedthetechnique
abstractlyandin termsof four specificcomputationswith theZPL
parallelprogramminglanguage,andwe have analyzedthesepro-
grams'expectedperformanceonarealparallelmachineusingZPL.
ExperimentsontheCrayT3Ehaveconfirmedtheanalysis,demon-
strating that PSPis a promising techniquefor increasingparal-
lelism. Thoughwe have representedandimplementedthesample
applicationsin ZPL, PSPis a generalsolutiontechniquethatmay
beappliedin otherparallelprogrammingcontexts. In thefuture,we
will formalizeour ZPL evaluationandanalysistechniques,taking
stepstoward the goal of developinga practicalanduseful theory
for parallelcomplexity analysis.
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