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Abstract

In this paperwedescribea parallel programmingparadigmcalled
problemspacepromotion(PSP),a techniquethatincreasegaral-
lelismbyreducingcommunicatiomndsyndironization.We present
four algorithmsthat exploit PSPandevaluatetheir communication
characteristicsrelative non-PSPsolutions. Our analysisis aided
by the useof parallel algorithmnotationthat is concise yetaccu-
rately reflectsparallelism and communicatiorcosts. Our analysis
illustratescircumstancesinderwhich the useof PSPis beneficial
anddetrimentalto performanceand experimentonthe Cray T3E
attestto the validity of the analysis. We find that PSP can signif-
icantly improve the performanceand scaling behaviorof certain
computationsegvenwhencompaedto existing high quality paral-
lel algorithms.

1 Introduction

Problemspacepromotion(PSP)is a parallelsolutiontechniquefor
problemsinvolving combinatorialinteractionsof arraydata. PSP
reformulatesalgorithmsthat operateover d-dimensionabdataasa
computatiorin ad’-dimensionaproblemspacewhered’ > d. The
goalof PSFisto increaseheparallelismof thesolutionby reducing
the algorithms communicatiorandsynchronizatiomequirements.
For instance consideran algorithmin which all n elementsof a
1-dimensionabrray require pairwiseinteractions. Figure 1(a) il-
lustratesa straightforvard parallel solutionthat cyclically shifts a
copy of thearray sothataftern shifts,all n? interactionshave been
consideredIn contrastthe PSPsolutionillustratedby Figure1(b)
promotesthe problemspaceto a 2-dimensionah x n spaceand
useghel-dimensionahrrayastherows andcolumnsof thisspace,
therebyimplicitly representingll n> comparisonsvithoutaniter-
ative loop.

As a concreteexampleof problemspacepromotion,consider
the following PSPalgorithmfor sortinga vector V, of n unique
numbers.
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C«Vi<v compareall pairs,(1if true,0if false)
P < SumcolsC) columnsumsgive sortedindex position
V « VI[P permuteelementsf V into order

This solution, which requiresquadraticwork, is an instanceof
problemspacepromotion,becausét performsall n? comparisons
simultaneouslyThoughit acceptd -dimensionainput, it performs
operationsin termsof 2-dimensionakrrays,e.g., arrayC. This
is in contrastto an algorithmwhich iteratively transformsthe 1-
dimensionalinput directly. The questionof interesthereis, Can
problemspacepromotionbe an effectivetechniquefor writing effi-
cientparallel programs?

The chief advantageof PSPin the sortingexample,above, is
thatit specifieshatall comparisonganbe performedsimultane-
ously andthatall columnscanbe summedndependentlySpecif-
ically, a parallelimplementatiorof this algorithm broadcastshe
dataandits transposeo the processorsyhich are conceptually
arrangedn a 2-dimensionaimesh,allowing themto work inde-
pendentlyof eachother with little or no synchronization. This
yieldsmuchgreaterconcurreng than,say the odd-ezentransposi-
tion sort[11], whichrequireshe processoro synchronizeepeat-
edly throughoutthe computation.lt is this increasen parallelism
with thesimultaneouselaxatiornof synchronizatioronstraintshat
motivatesinterestin PSPalgorithms.The factthatPSPalgorithms
arefrequentlyspecifiedn a cleanandelegantform is a significant
addedadwantage.

There are apparentdisadwantagestoo. First, it appearghat
storagerequirementgrow to the size of the promotedproblem
spaceg.g., theC arrayis n x n. In fact, this storagecanbe elimi-
nated restoringthe storagerequirementso the orderof the prob-
lem input. Second,thereis a potentialincreasein the amount
of work requiredto computethe result. This problemhastwo
forms. One form concernsnon-asymptoticcompleity, suchas
missedopportunitiesto exploit problemsymmetry e.g., the sort
abave could performn?/2 comparisons The otherform concerns
asymptoticcompleity, e.g., for sorting, ©(nlogn) comparisons
sufiice. Thoughthis may be a potential shortcomingwith PSP
solutions,a suitablecompleity modelfor practicalportablepar
allel computationgemainsto be worked out, leaving it unclear
whetherfactslike “©(nlogn) comparisonsufice” leadto signif-
icantly moreefficient parallelsolutions.Issuesof synchronization
andcommunicatiortompleity maydominatevork compleity for
certainalgorithms.

In this paperwe make thefollowing contritutions.

e Weintroducea new parallelsolutiontechniquecalledprob-
lem spacepromotion for increasingparallelismin certain
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Figure 1: lllustration of problemspacepromotion. (a) Corven-
tional solutionversus(b) problemspacepromotion.

computations.

¢ Weanalyticallyandexperimentallyshaw its potentialperfor
manceimprovement.

¢ \We demonstratehe use of the ZPL parallel programming
languageas an algorithmic notationto assistin evaluating
theparallelperformancef algorithms.

The remainderof this paperis organizedasfollows. The next
sectionintroducesthe ZPL-basedhotationwe useto describeal-
gorithms.Section3 describeproblemspacepromotionby way of
four computations.We evaluatethe performancemplicationsof
PSPboth analyticallyandexperimentallyin Section4. Section5
considergelatedwork, andthefinal sectiongivesconclusions.

2 Brief Summary of ZPL

In orderto describeandstudy problemspacepromotionwe adopt
analgorithmicnotationbasentheZPL parallel,array-basegro-
gramminglanguagg20, 23]. The notationhasthe advantagethat
it is succinctfor presentationapurposesjt can be executedon
parallelcomputerswith excellentperformancdg6, 17], andit ex-
posesissuesof parallelismand communicatioroverheadwithout
requiringthe programmeto manageomple details. This section
briefly introducesthe core component®f the ZPL languageand
its performancemodel. Completetreatmentsare availablein the
literature[20, 5].

Basics. ZPL is animperatve programminganguageupporting
all the usual(i.e., Fortran, C or Pascal)datatypes, scalaropera-
tors,andcontrolstructuresLike Fortran90andAPL, it is anarray
language permitting atomic operationon whole arraysor subar

rays.ZPL is distinguishedrom otherarraylanguage®y its useof

regionsin describingparallel,arraycomputation$7].

Regions. Regions represent index sets. The region
[1..n,1..n] is al-originnx nindex set,while [ 1. . n, 1]
is asubrgion describingts first column,and[ 1, 1. . n] isasub-
region describingits first row. Regionscanbe namedandreferred
to symbolicallyasfollows: region R = [1..n,1..n]. Re-
gionsareusedn declarationso specifythesizeandshapeof arrays
asfollows: var A B, C. [R] float. Thesearrayswill have
anelemenfor eachindex in region R.

Regions are also usedto determinethe indicesof arraysin-
volvedin anarraystatemens computation.Specifically a region
precedinga statemengstablisheshe extent of all arraycomputa-
tionsin its dynamicscope. For example,the following statement
operate®nly over thefirst row of arraysB andC.

[1,1..n] C:= 2*B;

@) (b) (©

Figure2: lllustration of flood operator (a) A columnof anarray
(b) areplicatedform of the columnacrosshe problemspaceand
(c) the actualallocationof memoryto representhe floodeddata
across4 processors.

Whena new region scopeis enteredjt overridesthe enclosingre-
gionof thesamerank. If adimensionis left blank,its indicesarein-
heritedfrom the correspondinglimensionof the enclosingregion.
Forexampleregion[ 1, ] inthecontetofregion[ 1. . n, 1. . n]
hastheindicesof region[ 1, 1. . n] .

ZPL supportsa numberof operationson regions and arrays.
Thelatter provide array-level computationsandpermitthe indices
for a particulararray referenceto be adjustedwith respecto the
enclosingregion scope.We summarizeseveral arrayoperatorde-
low.

Parallel Prefix. ZPL includesthe parallelprefix operationsre-
ductionandscan.For example,[ R} s: =+<<Bisthesumreduc-
tion of theelementof arrayB describedy theindicesin region R.
Thereareversionsof reductionandscanoperatorgor otherarith-
metic and logic operations(e.g., product, max, logical or). For
arraysof rankgreaterthanone, it is possibleto performpartialre-
ductionson subarraysThus,assuming® andC are2-dimensional
arraysandR is a 2-dimensionategion as definedabove, the fol-
lowing statementeducesachrow to its sumandstorestheresult
in thethird columnof C.

[1..n, 3] C:= +<<[R] B; -- add rows

Thetwo regionssenethefollowing purposesThen x n soucce
region, R, encodedn the reductionoperator describesvhich ele-
mentsof the operandwill participatein the reduction,while the
columnresultregion, [ 1. . n, 3], precedingthe statemenindi-
cateswherethe resultis to be stored. In ZPL, the resultregion's
degeneratedimensiondi.e., dimensiongepresenting singlein-
dex) with respecto the sourceregion indicatewhich dimensions
arereduced.

Replication. Floodingis thelogical dualof reduction providing
an abstractiorfor replication. Thus, the following expression,l-
lustratedby Figures2(a) and (b), replicatesthe first columnof B
acrosgheseconddimensiorusingthefloodingoperator(>>).

>>[1..n,1] B

The region associatedwith a flood operator in this case
[1..n, 1], specifieswhat portion of the array operandis to be
replicated Theeffect of theexpressionabove, is to createalogical

2-dimensionahrraywith a conceptuallyinfinite numberof n ele-
mentcolumns.Floodsandreductionscanbe combinedto express
computationsuchastheconstructiorof the permutationvector P,

from the sortcomputatiorin the introduction. AssumethatV and
Vt arerow andcolumnvectors,respectrely, andthatregion Ris

asdefinedabore.



[L,1..n] P:=+<<[RI(>>[,1] W) <= (>>[1,] V);

Recallthatemptyrangesn aregioninherittherangeof theenclos-
ing region, thus[ , 1] inthecontet of regionR([ 1. .n, 1..n])

isequvalentto[ 1. . n, 1] . Thestatemenabove assigngo P the

column-wisereductionof the n? elementscreatedby comparing
(using <=) the resultof flooding V transposgVt ) andV. A key

property of flooding that is exploited in this computationis that
only a singlecopy of aflood's definingvaluesare storedon each
processqrasillustrated by Figure 2(c). Thus, this computation
neednot createann? temporaryarray despitethe factthatit com-
putesover sucha logical array This is a key sourceof efficiency

for PSPcomputationsn ZPL.

Shifting. To referencea shiftedform of anarray the shift oper
ator (@ is usedwith aninteger vectorthatgivesthe directionand
magnitudeof the translationin eachdimension.Thus,the follow-
ing statementssignsthe elementsat indicesO throughn — 1 of
arrayY to indicesl throughn of arrayX.

[1..n] X:= Y@-1):

Arbitrary data movement. ZPL providesagatherperatoi(#),

permitting arbitrary datamovement. Encodedn braclets follow-

ing the gatheroperatoris an integer array for eachdimensionof

the result, specifyingthe sourceof eachelement.The only gather
operationneededn this paperis the transposewhich usesZPL's
constantarrays_1 and_2 to specifydimensionalinterchange.In

generalthevalueof array_k atindex i1, ...,iq isix. Thus,thefol-

lowing statemenperformsthe transposen V neededo compute
Vt:[1..n,1] Vt := V#[_2, 1].

Performance Model. ZPL supportsa performancenodelthat
permitsprogrammerso reasoraboutthe parallelismandcommu-
nicationoverheadn theircodeqd5]. In ZPL, all arraysarealigned?
Therearetwo mainimplicationsof this: (i) thedataelement®f two
differentarraysatindex (i, j) areguaranteedo resideon the same
processqrand(ii) thedataelementse.g., atindices(i, j) and(i, k)
residein the sameprocessorow whenthe arraysare distributed
acrossavirtual processogrid.

Giventhis alignment,eacharray operatorinducesa particular
form of interprocessocommunication.The shift operator(@ re-
sultsin simplepoint-to-pointcommunicatiorbetweemeighboring
processoré thegrid. Theflood operator(>>) resultsin a broad-
castoften along one dimensionof the grid. The gatheroperator
(#) potentiallyresultsin an arbitraryredistritution of data. State-
mentsthat containno array operatorgequireno communication.
Despitethe high-level natureof the ZPL notation,the programmer
canreasorabouttheimplementatiorof theircodeonaparallelma-
chine.Wewill exploit this factin our discussiorof problemspace
promotion.

3 Algorithms Exploiting Problem Space Promotion

Below, we presentPSP solutionsto common computationsin
preparatiorfor analyzingthemin the next section. First, we ab-
stractlydescribehestructurecommonto all PSPalgorithms.Then,
we presenfour computationgivenin bothaconventionalandPSP
form. We usethe ZPL form from the previous sectionto augment
the algorithmdescriptions.In thesecodes,declarationsre omit-
ted, becausehe type andsize of the arraysis clearfrom context;
andby corvention,arrayvariablesarecapitalizedwhile scalarsare
not.

n fact, not all arraysneedbe aligned,only thosethat are usedtogether but the
simplificationis sufficientfor this presentation.
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Figure3: Summaryof the phase®f problemspacepromotion.(a)

1-dimensionainput, (b) orientationphase,(c) replicationphase,
(d) computatiorphase(e) collapsestage and(f) permutatiorstep
performedby PSPsortingalgorithm.

3.1 The Structure of PSP Algorithms

Therearefour stagesommonto all PSPalgorithms:(i) dataorien-
tation,(ii) datareplication(iii) computationand(iv) datacollapse.
For this discussiorwe assumehatthe indicesof the promotedd-
dimensionaproblemspaceareblock distributedacrossa concep-
tual d-dimensionameshof processorsandtheinput datainitially
occupiesa lower dimensionaklice of the d-dimensionalproblem
space Thedataorientationstage orientstheinputdatawith respect
to the problemspace.For example,in the sortingexampleof the
introduction theinputvectoris initially arow of theproblemspace
(Figure3(a)),soit mustbe copiedandtransposedbo occupy acol-
umn(Figure3(b)). Onaparallelmachinedataorientationrequires
anontriial, yetregular, amountof interprocessocommunication.
In ZPL we realizeorientationvia the gatheroperator(#).

Next, the properlyorienteddatais replicatedso that datafills
the entireproblemspace(Figure3(c)). In ZPL we realizereplica-
tion via theflood operator(>>). Notethaton a givenprocessothe
replicationis only conceptualfor only the definingvaluesof an
arrayneedto berepresentedysillustratedby Figure2(c).

After replication,the computationstege begins, during which
eachprocessocomputesentirely on local data(Figure 3(d)). No
communicationor synchronizatioris requiredduring this stage.
Dependingonhow theprogrammephraseshecomputatiorphase,
problemspacesizedarraysmay be created(seethe n-body code,
belav). We have previously developed compiler techniquesby
which this storagerequirementis eliminatedvia statemenfusion
andarraycontractior{16]. Thecompilercanconsistentlyeliminate
the higherdimensionaktoragerequirementn PSPcodesbecause
it foldsthelocalaccumulatiorportionof thecollapsestage(below)
into the computatiorstage.

Finally, the collapsestage performsa reductionalongone or
more dimensionsof the problemspacein orderto gatherthe re-
sult of the computationstageinto a lower dimensionalstructure
(Figure 3(e)). In ZPL we usethe reductionoperatorge.g., +<<
or max<<) to collapse.Somealgorithmsmay performadditional
operationsat this point to computethe final result. For example,
the sorting code permutesthe input array accordingto the result
of thecollapsestage(Figure3(f)). A closerinspectionof Figure3
revealshow theinputsequencéA, C, B, D) is sortedaccordingto



[1..n] begin - odd stage
-- swap if 1|@ight value greater
if (U1 %2) then - odd indices

if (I >1@ight) then

I ;= 1@ight;
end;
el se -- even indices
if (I <l@eft) then
| 1= 1@eft;
end;
end;
end;
(@)
- assume R=1[1..n,1..n]

[1,1..n] begin
-- assume row 1 of V contains input
- orient data (transpose row into col)
= VH#[_2,_1];
-- replicate, conpute and col | apse
P := +<<[R] (>>[1,]V <= >>[,11M\);
-- pernute V data according to array P
V= VH# _1,P];
end;

(b)

Figure 4: Sorting. (a) Conventional (odd stagefrom odd-een
transpositiorsort)and(b) PSPimplementations.

thealgorithmfrom theintroduction.

In thefollowing sectionsyve examineconventionalandPSPso-
lutionsto variouscomputationsWe restrictour analysisto giving
work compleity, thetime compleity of thecomputatiorexecuting
onasingleprocessorThebulk of thediscussiorof communication
compleity is left for Sectiond.

3.2 Sorting

We begin by consideringsorting. Givena sequencef n numbers,
A= (ag,8,-..,an), the permutedsequeanal,az, .,a,) of Alis
asortedform of Awhena) <a, <...<a.

Odd- E\enTransposnlorSortls aparalIelsortlngalgorlthmdue
to Demuth[11]. It iteratesfor [n/2] steps,eachof whichis com-
prisedof two stages Thefirst stage which appearsn Figure4(a),
comparesn paralleleachodd elementto its right neighbor If the
formeris greatetthanthelatter, thetwo valuesareexchangedThis
codeexploits shatteed contol flow, i.e., array-basedontrol flow,
in orderto selectvely computeon elementsof array| . The sec-
ond stageperformsthe samecomparisonfechangefor the even
elements.Eachof the n/2 iterationsperforms®©(n) comparisons
resultingin ©(n?) work complexity.

A PSPsortingalgorithmappearsippearsn Figure4(b)?2 After
atransposef theinputdatafrom arow to acolumn,thealgorithm
usegheflood operatorto broadcasthen inputelementsacrosghe
rows andcolumnsof the 2-dimensionaproblemspaceIndex (i, j)
of the problemsgacecontainstheith and jth element®f theinput.
As aresult,all n© comparisongor the sortmy be performedcom-
pletelyin parallel. Theresultsof eachcomparisor(a 1 or a0) are
collapsedby summingalongeachcolumn,producingasinglerow,
P. ThearrayP is thenusedto permutethe input arrayresultingin
asortedform of arrayV. Because¢he algorlthmcomputeS)veraZ-
dimensionaproblemspaceit hasO(n ) work complexity. Similar
algorithmshave beendescribedisconstantime sortingalgorithms
for unrealizableCRCWmachineg3, 22].

2For simplicity we assumethat the input sequenceontainsno duplicates. The
structureof thealgorithmis unchangeavhenextendedo handleduplicates.

[1..n] begl n
=0
for i :=1ton do
[i..n] S += ((>>[i] V) = V);
end;
- frequency of node
count := max<< §;
- get actual node val ue
node : = max<< ((count = S) * V);
end;
@)
[1,1..n] begin - assume R=[1..n,1..n]

- assume row 1 of V contains input
- orient data (transpose row into col)
[1..n,1] Wt :=w# 2, 1];
- replicate, conpute and col |l apse
S = +<<[R] (>>[1,]V = >>[,1]W);
- frequency of node

count := max<< §;
- get actual node val ue
node : = max<< ((count = S) * V);
end;
(b)

Figure5: Mode calculation. (a) Conventionaland(b) PSPimple-
mentations.

3.3 Mode Calculation

Next, we considethemodecomputation Givenasetof n samples,
A= {aj,ay,...,an}, themode,m, is the elementof A thatoccurs
mostfrequently

The algorithmin Figure 5(a) extendsthe ohvious serial solu-
tion to the paralleldomain.Thealgorithmbroadcastthe elements
of theinput array oneat a time, to all the otherprocessorsEach
processorcompareshe broadcastalue with its local values. If
they arethe same,a counterassociateavith the local valueis in-
cremented After iteratingover all n elementsa maximumreduc-
tion is performedto find out how mary timesthe mostfrequently
occurringelementoccurs. Finally a maximumreductionis used
to find the valuethatactuallyoccursmostfrequently Therearen
iterations,eachcontainingarrayoperationf cost®(n), resulting
in ©(n?) work complexity.

A PSPmodecalculationalgorithmappearsn Figure5(b). This
algorithmis similar to the sort code,exceptthat equalityis used
for comparison.A sumreductionin the columni thusindicates
the numberof occurrence®f the valuein input positioni. The
computatiorover the2-dimensionaproblemspaceesultsin ©(n?)
work compleity.

3.4 Matrix Product

Matrix productis afundamentabperatiorfrom linearalgebra.The
productof anmx smatrix A andansx n matrixB is anmx n matrix
C whoseelementsare

[

Gj = aikxbk]-, 1<i<mi1<j<n Q)

1

=
Il

For simplicity, we assumeghatn = m=s. The SUMMAL1 algo-
rithm, in Figure6(a),andits variantshave beenbeenshavn to give

excellentparallelperformancg21]. Thealgorithmcontains iter-

ations.In iterationi , columni of arrayA androw i of arrayB are
replicatedacrosghe rows andcolumns,respectiely, of the prob-
lem space.Theresultingarray C, is incrementedy the element-
wise productof thetwo replicatedarrays.After n iterationsarray



[R begin - assune R=[1..n,1..n]
C:=0.0;
- for each colum in A and rowin B
for i :=1to n do
C+= ((>>[,i] A * (>>[i,] B));
end;
end;

—
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1J
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.n]
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. n]

-- orient the A and B matrices
= A#[_1,.3,_2];
= B#[_3,_2,_1];
-- replicate, conpute and col | apse
[1J] C:= +<<[1JK] ((>>[IK At) * (>>[KJ] Bt));

(b)

[l
[KI]

x4

Figure 6: Matrix product. (a) Corventional(SUMMA1L) and (b)
PSPimplementations.

C containgthe matrix productof A andB. Thework compleity of
this algorithmis ©(n®).

The PSP solution to matrix productappearsn Figure 6(b).
It addsanotherdimensionto the problem spaceso that all n?
productsare implicitly representedh the 3-dimensionaproblem
space. Assumethat the input matrices,A and B, initially occupy
a 2-dimensionaklice acrosgthe first two dimensionof the prob-
lem space. First, they must be orientedso that A occupiesa 2-
dimensionaklice acrosghefirst andthird dimensionsaandB occu-
piesa slice acrossthe secondandthird dimensions.The oriented
copiesof thedataarestoredin arraysAt andBt . Next, arraysAt
andBt arereplicatedacrossthe secondandfirst dimensionsye-
spectvely. An element-wisgroductis takenin the 3-dimensional
spaceandasumreductionalongthethird dimensioris assignedo
arrayC, resultingin the matrix productof A andB. The PSPalgo-
rithm in ZPL hasthe additionalbenefitthat the codevery closely
resembleshe textbook definition of matrix product,equation(1).
Thework compleity of this codeis ©(n®) dueto thescalaproduct
performedn the 3-dimensionaproblemspace.

3.5 N-Body Simulation

An n-bodycomputatiorsimulateshe motion of masses—suchs
astronomicabodies—eer time given aninitial configurationde-
scribing the position, velocity and massof eachbody At each
time step,the gravitational attractionof eachbody on every other
bodyis calculatedo determinghe subsequentonfiguratiorof the
system. Thoughalgorithmsexist thatignoreinteractionsbetween
distantbodies,certaincontets requiresthatall n? interactionshe
considered.

Figure7(a)containghecoreof acorventionaln-bodycodethat
simulateshe motionof bodiesin a 3-dimensionakpace.lt calcu-
latesthe acceleratior(Acc) in eachdimensionimpartedon each
body by all the otherbodies. The body positionsandmassesare
copiedinto temporaryarrays(Rol | Pos andRol | Mass) which
arecyclically shiftedn— 1 times. After eachshift, theacceleration
impartedby the bodiesin the Rol | arraysare calculatedon the
bodiesin the input array andthe resultis accumulatednto Acc.
Eacharrayoperatiorcomputesver n elementsandtherearen— 1
iterations resultingin ©(n?) work compleity.

Figure7(b)containea PSPequivalentof thecodein Figure7(a).

[R] begi n - assune R=[1..n]
Acc[] := 0.;

Rol | Pos[]

Rol | Mass : = Mass;

for iter :=1to (n-1) do
wap Roll Pos[], Roll Mass;

1= Pos[];

[next of R

Rol | Pos[] := Roll Pos@ext[];

Rol | Mass : = Rol | Mass@ext ;

Delta[] := Pos[] - RollPos[];

DistSqr := sqr(Delta[X])+sqr(Delta[VY])+
sqr(Deltal[Z]);

Dist := sqgrt(DistSqr);

Distlnv := 1.0/ (DistSqgr*Dist);

Acc[] -= Roll Mass*Delta[]*Distlnv;
end;
end;
@)
[R begi n - assume R=1[1..n,1..n]
[1..n,*] begi n - orient and replicate

[1 := AccRow ] #[_2, _1];
Vel Col [] := Vel RoW ] #[_2, _1];
PosCol [] := PosRow ]1#[_2, _1];
end;
-- conpute
Delta[] := PosCol[] - PosRow];
DistSqr := sqr(Delta[ X])+sqr(Delta[VY])+

sqgr(Delta[Z]);
- special case the di agonal
if (_1=_2) then
Distinv := 0.0;

el se

Di st = sqrt(DistSqr);

Distlnv := 1.0/ (DistSqr * Dist);

end;

- coll apse

[*,1..n] AccRow[] := +<<[R] (MassCol * Delta[] *
Di stlnv);
end;

(b)

Figure7: N-bodysimulation.(a) Corventionaland(b) PSPimple-
mentations.

ArraysPosRow, Vel Row, andAcc Rowcontaintheinitial config-

uration. Columnorientedcopiesof thesearraysarecreated.This

codeexploits afeatureof ZPL wherearrayscanbedefinedin such
a way that assignment$o themareimplicitly replicatedacrossa

dimension thusachieving the replicationstage. The distancebe-

tweenall pairsof bodiesis found andusedto calculatethe accel-
erationsdue to eachpair of bodies,which are thenreducedinto

AccRow. This algorithm performsa constantnumberof opera-
tions over a 2-dimensionaproblemspacethusit has®(n?) work

compleity. Note that a numberof arraysin this code, suchas
Del t a, Di st Sqr, Di st andDi st | nv, arefull 2-dimensional
arrays. The ZPL compilergenerates single loop nestto imple-

mentall the statementshat containthesereferencesndcontracts
eachof thesearraysto a scalarvalue[16]. As aresult,this code
only requiresmemorylinearin thenumberof bodies.

4 Analysis

We begin this sectionwith a discussionof the performanceam-
plicationsof problemspacepromotion. Next, we experimentally
evaluateits performancempacton the computationsiescribedn
theprevioussection.



4.1 Discussion

The previous sectionpresentedwo algorithmsto solve eachprob-
lem, onecorventional—whichwe call the basesolution—andne
PSPBelow, we discusghe expectedperformancef thetwo codes
by consideringheissuesf communicatiorcompleity, thenature
of thecommunicationandearlytermination.

Communication complexity. Becausesachpair of algorithms
from the previoussectionhasequivalentwork complexity, thebase
andPSPsolutionsaredistinguisheddy their communicatiorcom-
plexity. All thebasealgorithmscontain®(n) communicatioroper
ations. Specifically sortandn-bodyuse®(n) point-to-pointnear
estneighborcommunicationoperationg(@), and mode and ma-
trix multiplication, use ®(n) broadcasbperations(>>). The al-
gorithmsthat exploit PSR on the other hand, requirea constant
numberof communicatioroperationsTheorientationphaserans-
posesarow or aplanein thehigherdimensionaproblemspacevia
the gatheroperaton(#). Thereplicationphasebroadcastshe data
acrosghehigherdimensionaproblemspacevia theflood operator
(>>). The collapsephaseperformsreduction(s)acrossa dimen-
sionof the problem.Someof the algorithms,suchassort,alsore-
quireanadditionalconstannumberof miscellaneousommunica-
tion operationsin all four casesPSPpotentiallyimprovesparallel
performancdy decreasinghecommunicatiorcompleity without
ad\erselyaffecting work compleity. Furthermorepecauseom-
municationsynchronizeshe processorsPSPreduceghe number
of timesthatthe processormustsynchronizepermittingtheentire
computatiorphaseo proceedn parallel.

Nature of the Communication. In additionto the numberof
communicationoperationsthe type of communicationoperation
mustalso be considered.Specifically nearesheighborshifts are
©O(1) operationswhile for p processorshroadcastandreductions
aregenerallyregardedas ©(log p) operationsthoughspecialized
hardware and p smallrelative to n renderthemnearlyconstanias
well. DespitethefactthatPSPalgorithmsusemoreexpensve com-
municationoperationge.g., gathersproadcastandreductions)ijt
is unlikely on ary modernparallel architecturethat ©(n) nearest
neighboroperationswill belesscostlythan®(1) broadcasor re-
ductionoperations.

FurthermorePSPoftenincreaseshevolumeof communicated
data. For example,the basemodecomputationonly broadcasts
words. The PSPmodecomputationpn the otherhand,transposes
nwords,broadcast&n words,andperformsareductionof nwords.
Despitethis increased/olume,we do not expectthis to limit PSP
performancepecausd®SPalgorithmsrequirefewer communica-
tion operationsandwe expectthe synchronizatiomndstartupcost
of initiating the communicatiorio bethedominantcosts.

Early Termination. There are certainly circumstancesvhere
problem spacepromotionmay be inappropriate. Problemspace
promotiontransformsan iteration spaceinto a dimensionof the
problemspace As aresult,we mustknow a priori hov mary iter-
ationsthe loop contains.Moreaover, somebasealgorithmsmay be
ableto terminatethe loop early which cannotbe trivially accom-
plishedin PSPsincetheloop hasbeentransformednto partof the
problemspaceFor example the odd-e/entranspositiorsortingal-
gorithm canbe modifiedto terminateearlyif it findsthatthe data
is alreadysorted.Similarly, thebasemodealgorithmcanterminate
earlyif thereare j valuesleft to betestedanda modeof atleast]j
occurrencefasalreadybeenfound. For bothexamplesthereis a
tradeof to be consideredWIl the expectednput allow the algo-
rithm to terminatesuitablyearly to compensatéor thealgorithm's
inferior communicatiocompleity?

Problemspacepromotioncanbe extendedo allow earlytermi-
nationin certaincasedy repeatedlygoingthroughall four phases,
whereinthe addeddimensionto the problemspacecontainsonly a
portion of the problem. For example,in the modecalculation the
orientationphasecould placeonly half the valuesacrossthe extra
dimensionthusfindingthemodeof half thedata.If therearemore
occurrencesf themodethanunconsideredemainingdata,theal-
gorithmterminates.Otherwise |t considershalf of the remaining
data,accumulatingheresultswith the previousiteration. The pro-
cesscontinuesfor at mostlogn steps. Naturally the communica-
tion compleity is worsethanapurePSPapproachbut it allowsfor
earlydrop-out. Computationsuchasn-bodysimulationor matrix
productcannotexploit thistechniqueput thebasesolutionscannot
benefitfrom earlytermination either

4.2 Experimentation

In orderto verify the analysisof the previous section,we mea-
surethe performancef thecodedrom Section3 onthe Cray T3E.
All codesare written in ZPL and compiledwith the ZPL com-
piler [23]. Prior work hasdemonstratedhat this is a high qual-
ity compiler The codeit produceshasperformancecomparable
to C with MPI [18, 6] and generallyoutperformsHPF [19, 17].
TheZPL compileraggressiely optimizescommunicatiorfor over-
lap with computation[9]. Figure 8 containstwo speedupurves
for eachproblemintroducedin Section3. The two curwes give
speedugor the baseand PSPsolutions. Both speedupturvesare
calculatedwith respecto the samesequentiakxecutiontime. As
a result, greaterspeedupmplies fasterperformanceallowing the
two curvesto be comparedlirectly.

ThePSPversionsof the codesall have significantlybetterscal-
ing behaior thanthe basesolutions.This confirmsour prediction
thattheimproved communicatiorcompleity dueto PSPimproves
overall performance.The modeand sort codesare dominatedby
communicatiorfi.e., they containrelatively few floatingpointoper
ations).As aresult,thespeedumf thebasesolutionssuffer greatly
from the mary communicatioroperationghey contain. PSPsig-
nificantly improves thesecodes. The n-body codespendsa rela-
tively larger portion of the total executiontime executingfloating
point code, so both the baseand PSPsolutionsscalebetterthan
modeandsort. We discusghe matrix productcodesbelon. Also
notethat asthe numberof processorséncreasesthe relative cost
of communicatiorversuscomputatiorincreasesandthe benefitof
PSPincreases.

We cannotconcludefrom the graphsin Figure 8 thatthe PSP
mode calculationand sorting algorithmsare optimal for parallel
machines. Instead,we concludethat by applying problemspace
promotionto anexisting solutionwe cansignificantlyimprove par
allel performancédy increasinghe degreeof parallelism.Thema-
trix productcodesareparticularlynotevorthy, becaus¢he PSPso-
lution outperformghe SUMMAZ1 algorithm[21], whichis regarded
asavery high quality parallelalgorithm. The relatively poor scal-
ing behaior of SUMMAL led to variationson this algorithmthat
broadcassereral rows and columnsat a time, achieving someof
thebenefitsof PSP

ThesegraphsdonothighlightthefactPSPalgorithmshave dif-
ferentcacheébehaior becausef how they traversetheinputarrays.
It would appeatthatthisis a secondrdereffect, sowe leave it for
future work. We expectto find that PSPalgorithmshave inferior
cachebehaior butthatthey will benefitfrom blockingtechniques.

5 Related Work

The problemspacepromotiontechniquecan be exploited in pro-
gramminglanguagesndsystemstherthanZPL, for example,C
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Figure8: Speedumf baseandPSPcodesonthe Cray T3E.

with MPI (messag@assingnterface). In this sensePSPis alan-
guageneutralparallelsolutiontechnique Ontheotherhand.notall
languagepermitprogrammerso reasoraboutthe communication
costsof theirapplications Presumablya compilerfor HPF[14] or
aparallelimplementatiorof APL [4, 13, 8] could exploit the ben-
efits of PSR but they do not offer a performancanodel. Ngo has
evaluatedthe role of performancemodelsin ZPL and HPF[19].
He foundthata performancemodelis essentialn producingcon-
sistentlyhigh quality programsacrosdlifferentmachinesandcom-
pilers. ZPL provides an explicit performancanodel, facilitating
the analysisin this paper Previously, we have describechow the
ZPL performanceamodelis usedto evaluateimplementatioralter
natives[5].

Problemspacepromotionis relatedto a standardtechnique
usedby APL programmer$o write “one-liners”thatperformcom-
putationwithoutcontrolflow [15]. In APL, outerproductis usedto
corvert the logical iterationspaceto anarray Thus,for example,
thesortingoperatiorgivenin theintroductionis expresseas

V[ +/ [ 1] Vo. <V]

wherethe outerproduct(Vo. <V) createsa squarearrayof Osand
1sthatis thensumreduced+/ [ 1] ) in onedimensionto produce
the permutationvectorto index thearray Historically, approaches
similar to PSPhave beenusedto avoid expensve-to-interpreiter-
ative solutions,andwe are not awarethatary APL interpreteror
compilertakesadwantageof the specialstructureof this computa-
tion.

PSP-lile solutionsto specificproblemshave appearedn the
literature. For example,Aggarwal et al. analyzethe communica-
tion complity of a 3-dimensionamatrix multiple algorithmin
the contet of the LPRAM (local-memoryparallelrandomaccess
machine)model[2], and Agarwal et al. evaluatea 3-dimensional

matrix multiple algorithmon the IBM SP2[1]. They do not ex-
plorethework asa generakolutiontechnique.

Researchelisave proposegarallelmachinemodelsin aneffort
to understanéndpredictperformance The LogP machinemodel
is awell studiedmodelintendedo accuratelyrepresentealparal-
lel computersandsene asabasisfor algorithmdesign[10]. It has
been applied, for example, to sorting algorithms on the
CM-5[12], butthemodels highly parameterizedaturecastsdoubt
on its portability. For example,in a LogP analysisof a PSPcode,
the underlyingimplementatiorof the collapsestage(a reduction)
onaparticulamachinewould needto bemodeled A ZPL analysis
(andimplementationpbstractshesemachinespecificdetails.

6 Conclusion

Careful consideratiorof the costsof computationand communi-
cation on real parallel computersfacilitatesthe developmentof

uniqueandbeneficialalgorithmicsolutiontechniquesin this vein,

we have developeda techniquefor increasingparallelism,called
problemspacepromotion(PSP).We have describedhetechnique
abstractlyandin termsof four specificcomputationsvith the ZPL

parallelprogramminganguageandwe have analyzedthesepro-

grams'expectedperformanc®narealparallelmachineusingZPL.

Experiment®ntheCray T3E have confirmedthe analysisdemon-
strating that PSPis a promising techniquefor increasingparal-
lelism. Thoughwe have representedndimplementedhe sample
applicationsn ZPL, PSPis a generalsolutiontechniquethatmay
beappliedin otherparallelprogrammingontets. In thefuture,we

will formalizeour ZPL evaluationandanalysistechniquestaking
stepstoward the goal of developing a practicaland usefultheory
for parallelcompleity analysis.
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